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1. Introduction
Amajor unsolvedproblem innumber theorywas formulated byBuniakowski in 1854 (see Lang [7, p. 323]), independently
reformulated by Schinzel, to the effect that any irreducible polynomial f (X) ∈ Z[X] such that the set of values f (Z+) has no
common divisor greater than 1, takes prime values at integral arguments infinitely often. This holds true for polynomials
of degree 1, according to Dirichlet’s theorem on primes in arithmetic progressions. Conversely, one may ask under what
hypotheses a polynomial f (X) ∈ Z[X] which takes at least one prime value is necessarily irreducible. There are several
elegant irreducibility criteria in the literature that establish such hypotheses. In [9] Pólya and Szegö present the following
classical result of A. Cohn:
Theorem A. If a prime p is expressed in the decimal system as
p =
n∑
i=0
ai10i, 0 ≤ ai ≤ 9,
then the polynomial
∑n
i=0 aiXi is irreducible in Z[X].
This result was generalized to an arbitrary base b by Brillhart, Filaseta and Odlyzko [3]:
Theorem B. If a prime p is expressed in the number system with base b ≥ 2 as
p =
n∑
i=0
aib
i, 0 ≤ ai ≤ b− 1,
then the polynomial
∑n
i=0 aiXi is irreducible in Z[X].
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In [8] Ram Murty gave elementary proofs of these results and proved an analogue of Theorem B for polynomials with
coefficients in Fq[t], where Fq is a finite field (see also Girstmair [6]). Primes are not the only numbers enjoying this nice
property. In this connection, Filaseta [4] obtained a generalization of Theorem B by replacing the prime p by a composite
number wpwith w < b:
Theorem C. Let p be a prime number, w and b positive integers, b ≥ 2, w < b, and suppose that wp is expressed in the number
system with base b as
wp =
n∑
i=0
aib
i, 0 ≤ ai ≤ b− 1.
Then the polynomial
∑n
i=0 aiXi is irreducible over the rationals.
Cohn’s Theorem was also generalized in [3,5] by allowing the coefficients of f to be different from digits. For instance,
the following result was proved in [5].
Theorem D. Let f (X) = ∑ni=0 aiXi be such that f (10) is a prime. If the ai’s satisfy 0 ≤ ai ≤ an1030 for each i = 0, 1, . . . , n − 1,
then f (X) is irreducible.
Similarly, we may ask whether one can produce irreducible multivariate polynomials from irreducible polynomials in
a smaller number of variables by analogy with the construction of irreducible polynomials from prime numbers in the
theorems above. More precisely, given a field K, we may ask under what hypotheses a polynomial F(X, Y) ∈ K[X, Y]with the
property that F(X, h(X)) is irreducible over K for some h ∈ K[X], is necessarily irreducible over K(X).
The aim of this note is to find such hypotheses and to give some efficient methods to construct irreducible multivariate
polynomials over an arbitrary field, starting from arbitrary irreducible polynomials in a smaller number of variables. The
first result below provides an analogue of Theorem B for polynomials in two variables over an arbitrary field.
Theorem 1. Let K be a field, f , h ∈ K[X], f irreducible over K, deg h ≥ 1 and express the polynomial f in base h via the Euclidean
algorithm, say f =∑ni=0 aihi, with a0, a1, . . . , an ∈ K[X], deg a0, . . . , deg an < deg h. Then the polynomial∑ni=0 ai(X)Y i ∈ K[X, Y]
is irreducible over K(X).
A more efficient method, that requires no division, to obtain irreducible multivariate polynomials starting from an
irreducible univariate polynomial is given in the following result.
Theorem 2. If one writes an irreducible polynomial f ∈ K[X] as a sum of polynomials a0, . . . , an ∈ K[X] with deg a0 >
max1≤i≤n deg ai, then F(X, Y) =∑ni=0 ai(X)Y i is irreducible over K(X).
One can also produce irreducible polynomials by replacing monomials bkXk with monomials in two variables of the form
bkXiY j, i+ j = k.
Theorem 3. Let K be a field, f (X) = b0Xn0 + b1Xn1 + · · · + bkXnk ∈ K[X], 0 = n0 < n1 < · · · < nk, b0 · · · bk 6= 0, f irreducible
over K, and construct from f the polynomial F(X, Y) = b0Xi0Y j0 + b1Xi1Y j1 + · · · + bkXikY jk ∈ K[X, Y], with il, jl ≥ 0, il + jl = nl,
l = 0, . . . , k. If for an index t ∈ {0, . . . , k} we have
max
js<jt
is − it
jt − js < 1 < minjs>jt
is − it
jt − js ,
then F is irreducible over K(X).
Another method to construct irreducible polynomials in two variables is provided in the following result.
Theorem 4. Let K be a field, f (X) = b0Xn0 + b1Xn1 + · · · + bkXnk ∈ K[X], 0 = n0 < n1 < · · · < nk, b0b1 · · · bk 6= 0, f irreducible
over K. Then for every partition of the set S = {0, 1, . . . , k} into two disjoint, nonempty subsets S1, S2 with k ∈ S1, the polynomial
in two variables
F(X, Y) =∑
i∈S1
biX
ni +∑
i∈S2
biY
ni ∈ K[X, Y]
is irreducible over K(X).
Some irreducibility results for compositions of polynomials have been obtained in [2]. A further result, which gives
irreducibility conditions for some classes of compositions of polynomials, is presented below.
Theorem 5. Let K be a field of characteristic 0 and let f1, f2 ∈ K[X] with deg f1 ≥ 1, deg f2 ≥ 2. If f1 ◦ f2(X) is irreducible over K,
then f1 ◦ (f2(X)− X + Y) ∈ K[X, Y] is irreducible over K(X).
The results above are quite flexible, and may be useful in various applications. They allow one to construct irreducible
multivariate polynomials from arbitrary irreducible polynomials in a smaller number of variables, or even from large enough
prime numbers. In this connection, we will give some concrete examples in the last section of the paper. The proofs of the
main results are presented in Section 2.
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2. Proofs of the main results
For the proof of our results we need the following lemma:
Lemma 1. Let K be a field and let F(X, Y) =∑ni=0 ai(X)Y i ∈ K[X, Y], with a0, a1, . . . , an ∈ K[X], a0an 6= 0. Let us assume that there
exist three polynomials f , g, h ∈ K[X] such that f is irreducible over K, g 6= 0 and F(X, h(X)) = f (X) · g(X). Then F is irreducible
over K(X) if either deg g < deg h and for an index j ∈ {1, . . . , n} with aj 6= 0 we have
max
k<j
deg ak − deg aj
j− k < deg h < mink>j
deg ak − deg aj
j− k , (1)
or if
min
k>0
deg a0 − deg ak
k
> max{deg h, deg g}. (2)
Proof. One may prove results of this kind by using Newton polygon type arguments. Instead, here we will use some ideas
from [1,2,8] to give a proof based on the study of the location of the roots of F, regarded as a polynomial in Y with coefficients
in K[X]. We first introduce a nonarchimedean absolute value | · | on K(X), as follows. We fix an arbitrary real number ρ > 1,
and for any polynomial u(X) ∈ K[X]we define |u(X)| by the equality
|u(X)| = ρdeg u(X).
We then extend the absolute value | · | to K(X) by multiplicativity. Thus for any w(X) ∈ K(X), w(X) = u(X)
v(X)
, with u(X), v(X) ∈
K[X], v(X) 6= 0, we let |w(X)| = |u(X)||v(X)| . Let us note that for any nonzero element u of K[X] one has |u| ≥ 1. Now let K(X) be a
fixed algebraic closure of K(X), and let us fix an extension of our absolute value | · | to K(X), which we will also denote by | · |.
Now assume to the contrary that our polynomial F factors as F(X, Y) = F1(X, Y) · F2(X, Y), with F1, F2 ∈ K[X, Y],
degY F1 = t ≥ 1 and degY F2 = s ≥ 1. Since
F(X, h(X)) = f (X) · g(X) = F1(X, h(X)) · F2(X, h(X))
and f is irreducible over K, it follows that one of the polynomials F1(X, h(X)), F2(X, h(X)) must divide g(X), say F1(X, h(X)) |
g(X). In particular, one has
deg F1(X, h(X)) ≤ deg g(X). (3)
We consider now the factorization of the polynomial F(X, Y) over K(X), say F(X, Y) = an(X)(Y − θ1) · · · (Y − θn), with
θ1, . . . , θn ∈ K(X). Since a0 6= 0 we must have |θi| 6= 0, i = 1, . . . , n. Let us denote
A = max
k<j
deg ak − deg aj
j− k and B = mink>j
deg ak − deg aj
j− k ,
and notice that by (1) A is strictly smaller than B. Then for each i = 1, . . . , n we must either have |θi| ≤ ρA, or |θi| ≥ ρB. In
order to prove this, let us assume to the contrary that for some index i ∈ {1, . . . , n}we have ρA < |θi| < ρB. Since aj 6= 0 we
deduce from ρA < |θi| that |aj| · |θi|j > |ak| · |θi|k for each k < j, while from |θi| < ρB we find that |aj| · |θi|j > |ak| · |θi|k for each
k > j. By taking the maximum with respect to k in these inequalities, we obtain
|aj| · |θi|j > max
k6=j |ak| · |θi|
k. (4)
On the other hand, since F(X, θi) = 0, we must have
0 ≥ |ajθji| −
∣∣∣∣∣∑
k 6=j
akθ
k
i
∣∣∣∣∣ ≥ |aj| · |θi|j −maxk 6=j |ak| · |θi|k,
which contradicts (4).
Now, since F1(X, Y) is a factor of our polynomial F(X, Y), it will factorize over K(X) as F1(X, Y) = bt(X)(Y − θ1) · · · (Y − θt),
say, with bt(X) ∈ K[X], bt(X) 6= 0. In particular, we have
|bt(X)| ≥ 1. (5)
Recalling the definition of our absolute value and using (3) and (5), we deduce that
ρdeg g ≥ ρdeg F1(X,h(X)) = |F1(X, h(X))|
= |bt(X)| ·
t∏
i=1
|h(X)− θi| ≥
t∏
i=1
|h(X)− θi|.
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Now, for any index i ∈ {1, . . . , t}we either have
|h(X)− θi| ≥ |h(X)| − |θi| ≥ ρdeg h − ρA, if |θi| ≤ ρA,
or
|h(X)− θi| ≥ |θi| − |h(X)| ≥ ρB − ρdeg h, if |θi| ≥ ρB.
Since A < deg h < B it follows that for a large enough ρ both the quantities ρdeg h − ρA and ρB − ρdeg h become greater than
1, and hence we must have
ρdeg g ≥ min{ρdeg h − ρA, ρB − ρdeg h},
since t ≥ 1. On the other hand, by our assumption that A < deg h < B and deg g < deg h, both the inequalities
ρdeg g ≥ ρdeg h − ρA and ρdeg g ≥ ρB − ρdeg h must fail for a large enough ρ, and this completes the proof of the first part
of the lemma.
Assume now that (2) holds. In this case all the θi’s satisfy |θi| ≥ ρB with B = mink>0 deg a0−deg akk and hence we
have |h(X)− θi| ≥ ρB −ρdeg h, for each i ∈ {1, . . . , n}. This implies that for a large enough ρwemust have ρdeg g ≥ ρB −ρdeg h.
On the other hand, this inequality cannot hold for ρ large, since B > max{deg g, deg h}, and this completes the proof. 
A few remarks on the hypotheses in Lemma 1 are in order. First, let us note that the condition deg g < deg h in the
statement of Lemma 1 cannot be replaced by deg g ≤ deg h. In order to see this, choose for instance K = Q, F(X, Y) = 4XY2
+(2−2X2)Y−X, f (X) = 2X3+1, g(X) = 2X2−X and h(X) = X2. Herewe obviously have F(X, h(X)) = f (X)·g(X), f is irreducible
over Q and (1) is satisfied for j = n = 2, but our polynomial F is reducible over Q(X), since F(X, Y) = (2Y − X)(2XY + 1).
We also note that in condition (1) we must have strict inequalities too, since there exist polynomials F, f , g and h as in
Lemma 1, but with equality in at least one side of (1) for each index j ∈ {1, . . . , n}, and such that F is reducible over K(X).
For example, let us take K = Q, F(X, Y) = Y2 + (1 + X)Y + 2X − 2X2, f (X) = 3X, g(X) = 1 and h(X) = X. Then obviously
F(X, h(X)) = f (X) · g(X), f is irreducible overQ, deg g < deg h and we have equality in at least one side of (1) for each j = 1, 2,
while F is reducible over Q(X), since F(X, Y) = (Y + 2X)(Y − X + 1).
Finally, for condition (2) in the statement of Lemma1we chooseK = Q, F(X, Y) = 4Y2−X2, f (X) = 3X and g(X) = h(X) = X.
Here we have equality in (2) and F is obviously reducible over Q(X).
2.1. Proof of Theorem 1
We notice that in particular, for j = nwe obtain from Lemma 1 the following irreducibility criterion.
Corollary 1. Let K be a field and let F(X, Y) = ∑ni=0 ai(X)Y i ∈ K[X, Y], with a0, a1, . . . , an ∈ K[X], a0an 6= 0. Suppose there exist
polynomials f , g, h ∈ K[X] with f irreducible over K, g 6= 0, deg g < deg h, deg ai < deg h + deg an, i = 0, . . . , n − 1, and such
that F(X, h(X)) = f (X) · g(X). Then F is irreducible over K(X).
Theorem 1 now follows from Corollary 1, by taking g(X) = 1 and using the fact that in our case deg ai < deg h, i = 0,
. . . , n− 1. Also note that in Corollary 1 no assumption is made on the existence of a common bound for the degrees of the
ai’s, and hence all of them are allowed to exceed deg h. However, if all the ai’s have degrees less than deg h, one obtains from
Corollary 1 the following analogue for polynomials in two variables of Theorem C.
Corollary 2. Let K be a field, f , g, h ∈ K[X], f irreducible over K, g 6= 0, deg g < deg h and express the polynomial f · g in base h
via the Euclidean algorithm, say f · g = ∑ni=0 aihi, with a0, a1, . . . , an ∈ K[X], deg a0, . . . , deg an < deg h. Then the polynomial∑n
i=0 ai(X)Y i ∈ K[X, Y] is irreducible over K(X).
2.2. Proof of Theorem 2
This follows immediately by Lemma 1 using (2) with f (X) = ∑ni=0 ai(X) and g(X) = h(X) = 1. Thus, by writing an
arbitrary irreducible polynomial f ∈ K[X] as f (X) =∑ni=0 ai(X)with deg a0 > max1≤i≤n deg ai, onemay construct polynomials
F(X, Y) =∑ni=0 ai(X)Y i ∈ K[X, Y] of arbitrarily large degrees with respect to Y, and which are irreducible over K(X).
2.3. Proof of Theorem 3
The conclusion follows by Lemma 1with h(X) = X and g(X) = 1. To see this, we notice that the polynomial F may contain
different monomials having the same power of the indeterminate Y, say buXiuY ju and btXitY jt with ju = jt and iu < it . In this
case we have
is − iu
jt − js >
is − it
jt − js for js < jt and
is − iu
jt − js <
is − it
jt − js for js > jt.
2342 N.C. Bonciocat, A. Zaharescu / Journal of Pure and Applied Algebra 212 (2008) 2338–2343
Therefore, when we group together all the monomials containing the same power of Y and write F as a polynomial in Y with
coefficients ai ∈ K[X], we obtain
max
js<jt
deg ajs − deg ajt
jt − js ≤ maxjs<jt
is − it
jt − js and minjs>jt
deg ajs − deg ajt
jt − js ≥ minjs>jt
is − it
jt − js ,
so our condition
max
js<jt
is − it
jt − js < 1 < minjs>jt
is − it
jt − js ,
will imply (1).
2.4. Proof of Theorem 4
Let S1 and S2 be as in the statement of Theorem 4 and note that F remains unchanged if we move b0 from one sum to
another. So without loss of generality, we may suppose that 0 and k belong to S1. Let S2 = {i1, . . . , it}, with t ≥ 1 and
i1 < i2 < · · · < it . Then one may write the polynomial f as f (X) = ∑nitj=0 aj(X)Xj, with a0(X) = ∑i∈S1 biXni , ani(X) = bi, i ∈ S2
and aj(X) = 0 for any index j ∈ {1, . . . , nit } \ {ni | i ∈ S2}. Thus, deg a0 = nk and
min
j>0
deg a0 − deg aj
j
= nk
nit
> 1,
since nit ≤ nk − 1. Therefore (2) holds for h(X) = X, g(X) = 1 and n = nit , so we may apply Lemma 1 to conclude that the
polynomial
F(X, Y) =
nit∑
j=0
aj(X)Y
j =∑
i∈S1
biX
ni +∑
i∈S2
biY
ni
is irreducible over K(X).
2.5. Proof of Theorem 5
Let us suppose that the polynomial f1◦f2 is irreducible over K and let F(X, Y) = f1◦(f2(X)−X+Y), f (X) = f1◦f2(X), g(X) = 1
and h(X) = X. Then F(X, h(X)) = f (X) · g(X) with f irreducible over K. Suppose now that deg f1 = n ≥ 1. Using the Taylor
expansion of F(X, Y)with respect to Y we may write F as
∑n
i=0 ai(X)Y i, with
ai(X) = 1
i! ·
∂if1
∂Xi
(f2(X)− X), i = 0, . . . , n.
Here deg ai = (n− i) deg f2 for each i = 0, . . . , n and therefore
min
k>0
deg a0 − deg ak
k
= min
k>0
n deg f2 − (n− k) deg f2
k
= deg f2 ≥ 2,
while max{deg g, deg h} = 1. Condition (2) is therefore satisfied, so by Lemma 1, F must be irreducible over K(X).
3. Examples
(i) Let K be a field, f (X) = b0Xn0 + b1Xn1 + · · · + bkXnk ∈ K[X], 0 = n0 < n1 < · · · < nk, b0b1 · · · bk 6= 0, f irreducible over
K, and let us construct as in Theorem 3 the polynomial F(X, Y) = b0Xi0Y j0 + b1Xi1Y j1 + · · · + bkXikY jk ∈ K[X, Y], with il, jl ≥ 0,
il + jl = nl for each l = 0, . . . , k. Now denote by S the set of those indices t for which jt = max{j0, . . . , jk}. If
max
α 6∈S iα < 1+maxα∈S iα,
then F is irreducible over K(X). Indeed,whenwewrite F as
∑n
i=0 ai(X)Y i, we obtain deg an = maxα∈S iα andmax0≤i≤n−1 deg ai =
maxα 6∈S iα. The conclusion now follows from Corollary 1 with h(X) = X and g(X) = 1. For instance, since 1117111 is a prime
number, the polynomial f (X) = 1+ X + X2 + 7X3 + X4 + X5 + X6 is irreducible over Q, hence each of the polynomials
f1(X, Y) = 1+ X + XY + 7XY2 + X2Y2 + X2Y3 + X2Y4
f2(X, Y) = 1+ Y + XY + 7X2Y + X3Y + X2Y3 + X3Y3
f3(X, Y) = 1+ Y + Y2 + 7X2Y + X3Y + X3Y2 + X3Y3
is irreducible over Q(X).
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(ii) Let K be a field, n ≥ 3, f (X) = b0 + b1X + · · · + bnXn ∈ K[X], f irreducible over K. Then for every divisor d of n + 1,
1 < d < n+ 1 the polynomial
n+1
d −1∑
i=0
(bdi + bdi+1X + · · · + bdi+d−1Xd−1)Y i
is irreducible over K(X). This follows from Theorem 1 by taking h(X) = Xd. In particular, if a prime number p is expressed
in the number system with base b ≥ 2 as p = ∑3k+2i=0 aibi, 0 ≤ ai < b, k ≥ 1, then the polynomial in two variables∑k
i=0(a3i + a3i+1X + a3i+2X2)Y i is irreducible over Q(X).
(iii) Let f (X) = a0+a1X+· · ·+an−1Xn−1+pXn ∈ Z[X]with a0 6= 0 and p a prime number greater than |a0|+|a1|+· · ·+|an−1|.
Then for every integer k ≥ 2 the polynomial f (Xk − X+ Y) ∈ Z[X, Y] is irreducible over Q(X). Indeed, all the roots of f (Xk) are
situated inside the unit disk, since p > |a0| + |a1| + · · · + |an−1|. Therefore f (Xk)must be irreducible, for otherwise one of its
factors would have the leading coefficient of modulus 1, and hence at least one root θ with |θ| ≥ 1. Thus, by Theorem 5 the
polynomial f (Xk − X + Y)must be irreducible over Q(X) for each k ≥ 2.
We end by noting that as another consequence of Lemma 1, one may formulate similar irreducibility criteria for
polynomials in r ≥ 3 variables X1, X2, . . . , Xr over K. For any polynomial f ∈ K[X1, . . . , Xr]we denote by degr f the degree of
f as a polynomial in Xr with coefficients in K[X1, . . . , Xr−1]. The next result follows from Lemma 1 by writing Y for Xr , X for
Xr−1 and by replacing K with the field generated by K and the variables X1, . . . , Xr−2.
Corollary 3. Let K be a field, r ≥ 3, and let F = ∑ni=0 aiXir ∈ K[X1, . . . , Xr] with a0, . . . , an ∈ K[X1, . . . , Xr−1], a0an 6= 0.
Suppose there exist polynomials f , g, h ∈ K[X1, . . . , Xr−1] such that ∑ni=0 aihi = f · g, f as a polynomial in Xr−1 is irreducible
over K(X1, . . . , Xr−2) and g 6= 0. Then F as a polynomial in Xr is irreducible over K(X1, . . . , Xr−1) if either degr−1 g < degr−1 h and
for an index j ∈ {1, . . . , n} with aj 6= 0 we have
max
k<j
deg
r−1
ak − deg
r−1
aj
j− k < degr−1 h < mink>j
deg
r−1
ak − deg
r−1
aj
j− k ,
or if
min
k>0
deg
r−1
a0 − deg
r−1
ak
k
> max{deg
r−1
h, deg
r−1
g}.
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